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Introduction
The finite element method (FEM) is an efficient tool for analyses of shell/plate structures. During the past decades, numerous efforts have been made for developing various shell element models (Long et al., 2009 ). At present, most existing elements can be classified into three categories (Yang et al., 2000) : first, the curved shell elements based on the classical shell theory; second, the degenerated shell elements derived from the 3D solid theory; and third, the flat shell elements obtained by combining the plate bending and the membrane elements. In general, it is difficult to identify which kind is the best choice. But the flat shell element is often treated as the simplest one since it can be easily constructed and efficiently applied without complicated treatments in mathematical derivation. Furthermore, it is more convenient when handling complex boundary conditions and analyzing folded plate structures.
Since 1970s, many flat shell elements have been successfully proposed, in which the triangular flat elements are generally regarded as more reasonable models because they can be used to discretize an arbitrary geometry without influence caused by element warping (Gal and Levy, 2006) . However, since the quadrilateral elements usually have a much better predictive capability (Lee and Bathe, 2004) than triangular ones, they still attract the interests from many FEM researchers. For examples, Ibrahimbegovic and Wilson (1991) proposed a 4-node quadrilateral element which can allow two nodes to be coalesced with a trivial modification; Kim et al. (2003) presented two 4-node quasi-conforming shell elements based on the assumed strain method, in which the explicit stiffness matrices were obtained; Wang et al. (2012) also developed models within the quasi-conforming framework by employing the formulae of Timoshenko's beam as the string net functions along element boundaries; Moreira and Rodrigues (2011) constructed an element in which the rotation components are incompatible and independently interpolated; Choi et al. (1999) formulated a nonconforming model by using a modified integration scheme to overcome shear locking; and so on.
Although many quadrilateral flat shell elements can be found in various literatures, there is still demand for further enhancement of element performance, especially for the behaviors in distorted meshes. Actually, how to develop lower-order distortionresistant models is still a great challenge nowadays. On this topic, some works are worthy of mention. The smoothed finite element method (SFEM) (Liu et al., 2007) , which integrates the strain smoothing technique (Chen et al., 2001) into the conventional FEM, has been successfully applied in different problems Cui et al., 2010; Nguyen-Thanh et al., 2008; Wu and Wang, 2013) . Nguyen- Van et al. (2009) developing a quadrilateral flat shell element by introducing the smoothed technique independently into plate bending part and membrane part. With the aid of smoothing operation, the resulting element can work well in distorted meshes. In addition to the SFEM, the present authors proposed a hybrid displacement-function (HDF) method (Cen et al., 2014; Shang et al., 2015b ) and a hybrid stress-function (HSF) method (Cen et al., 2011a (Cen et al., , b, 2013 Fu et al., 2010) for developing Mindlin-Reissner plate bending and plane membrane elements, respectively. Both the HDF and the HSF methods are based on the principle of minimum complementary energy. In the HDF method, the trial functions for the resultants within the element are derived from the analytical solutions of the displacement function (Hu, 1984; Shang et al., 2015a; Cen and Shang, 2015) . Thus, they can a priori satisfy all the related governing equations of the Mindlin-Reissner plate. Furthermore, the formulae of the locking-free Timoshenko's beam are utilized to determine the element boundary displacement modes. Therefore, the resulting element 714 EC 33,3 HDF-P4-11β (Cen et al., 2014) is free of shear locking and can provide excellent results, even in severely distorted meshes. Similarly, in the HSF method, the stress trial functions are derived from the Airy stress function, and can satisfy the related governing equations of plane elasticity. The resulting 4-node membrane element HSF-Q4θ-7β (Cen et al., 2011b ) with Allman's drilling degrees of freedom (DOF) (Allman, 1984) is also less sensitive to severe mesh distortions.
In this work, by combination of the HDF plate bending element HDF-P4-11β (Cen et al., 2014) and the HSF plane membrane element HSF-Q4θ-7β (Cen et al., 2011b) , a new 4-node quadrilateral flat shell element is constructed. This new element, named by HDF-SH4, has definite six DOFs per node, so that the singularity problem of the global stiffness matrix on the condition that all adjacent elements are coplanar can be avoided naturally. Furthermore, in order to take the influences of moderately warped geometry into account, the rigid link correction strategy proposed by Taylor (1987) is employed. Since the plate and membrane components are separately accurate and robust even in distorted meshes, the performance of the new shell element is desirable.
Several classical benchmarks are employed for assessing the new 4-node, 24-DOF quadrilateral flat shell element. Numerical results show that the new model inherits the advantages of its parent components and is efficient for analysis of shell structure using both regular and distorted meshes.
The formulations of new flat shell element HDF-SH4
2.1 The geometry and DOFs of the flat shell element As shown in Figure 1 , the geometry of a 4-node quadrilateral flat shell element is represented by its mid-surface 1234, in which points 1~4 are the element nodes. Points 5~8 are the mid-side points of each edge, so that they must be coplanar. A local Cartesian coordinate system (x′, y′, z′) is established according to the position of the 
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A 4-node quadrilateral flat shell element planar face 5678, in which x′-and y′-axes are parallel to 5678 while z′-axis is perpendicular to it, and x′-axis is also parallel to line 57. In the global Cartesian coordinate system (x, y, z), the element nodal DOF vector a e is defined by (see Figure 1) : 
And the local element nodal DOF vector a′ e is defined in the local Cartesian coordinate system (x′, y′, z′) (see Figure 1) , and is given by:
The transformation between two coordinate systems is:
in which:
Here, for a vector b ¼ ½ b 1 b 2 b 3 T , the expression of :b: 2 is:
716 EC 33,3
Thus, the relationship between a e and a′ e can be obtained:
where: 
2.2 The element stiffness matrix of flat shell element in local coordinate system For a 4-node quadrilateral flat shell element, the element stiffness matrix in the local Cartesian coordinate system can be obtained by assembling the element stiffness matrices of the plate bending and the membrane elements, as shown in Figure 2 .
Plate part Membrane part
Flat shell element 
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A 4-node quadrilateral flat shell element
In Equation (2), the DOFs of a shell element related to the plate part are:
and the DOFs related to the membrane part are:
2.2.1 The plate part of HDF-SH4. In the formulations of the new flat shell element HDF-SH4, the plate part comes from the 4-node Mindlin-Reissner plate element HDF-P4-11β (Cen et al., 2014) proposed recently. This element was developed based on a so-called HDF method, in which the trial functions for the resultants within the element are derived from the analytical solutions of the displacement function F, instead of being directly assumed. This element is free of shear locking, and can still perform well in severely distorted meshes, even when the element shape degenerates into a concave quadrilateral. Hence, it can be regarded as a kind of shape-free MindlinReissner plate element. For the Mindlin-Reissner plate element HDF-P4-11β, the complementary energy functional is expressed by (Cen et al., 2014) :
in whichŜ P is the resultant/stress trial function matrix:
2 6 6 6 6 6 6 6 6 4 3 7 7 7 7 7 7 7 7 5 ;
and its components are all analytical solutions for plate resultants and are given in Table I ; b P is the corresponding coefficient vector containing eleven unknown 718 EC 33,3
coefficients; C p is the elasticity matrix of compliance for Mindlin-Reissner plate: 
with:
where
is shear modulus, and h is the element thickness; R n P is the particular solution part related to a distributed load (Cen et al., 2014) ; L P is the direction cosine matrix along the element's edges:
where l and m denote the direction cosines of the element boundaries' outer normal n; N P is the interpolation function matrix for boundary displacements determined by using the locking-free formulae of Timoshenko's beam (Hu, 1984; Soh et al., 1999 Soh et al., , 2001 , and its detailed expressions are given in Appendix 1; q e is the DOF vector used for the plate element HDF-P4-11β:
As shown in Figure 3 , it should be noted that q e is different from a 0e P in Equation (11) defined for the plate part of the shell element, and their transform relationships are as follows: 
Then, according to Equation (13) caused by a distributed load can be obtained:
Finally, according to Equation (19), K e P and P e P should be transformed into K e SP and P e SP which are related to a 0e P given by Equation (11):
2.2.2 The membrane part of HDF-SH4. The membrane part of the element HDF-SH4 comes from the 4-node quadrilateral membrane element HSF-Q4θ-7β (Cen et al., 2011b) . This element was developed based on a so-called HSF method, in which the trial functions for stresses within the element are derived from the analytical solutions of Airy stress function. This element is also less sensitive to severe mesh distortions. Since the Allman's drilling DOF (Allman, 1984) are employed, the resulting shell element will possess six DOFs per node. Hence, the singularity problem of the global stiffness matrix, which will arise when all adjacent elements are coplanar, can be avoided naturally. For the membrane element HSF-Q4θ-7β, the complementary energy functional can be expressed as (Cen et al., 2011b) :
whereŜ m is the stress trial function matrix of the membrane element HSF-Q4θ-7β:
and its components are all analytical solutions for stresses of plane problem and are given in Table II ; b m is the corresponding coefficient vector containing seven unknown coefficients; R n m is the particular solution part related to a distributed load (Cen et al., 2011b) ; C m is the elasticity compliance matrix for plane stress problem:
L m is the direction cosine matrix along the element's edges:
N m is the interpolation function matrix for boundary displacements derived from the displacement fields of Allman (1984) , and the detailed expressions of its components are given in Appendix 2.
Then, by applying the principle of minimum complementary energy, the element stiffness matrix K 
i 1 2 3 4 5 6 7 
2.3 The correction for the element's warped geometry By assembling Equations (25) and (31) according to the DOFs' sequence in Equation (2), the element stiffness matrix ðK e f lat Þ 24Â24 , which corresponds to a flat shell, can be obtained. When all nodes of the flat shell element are coplanar, the element stiffness matrix in the local Cartesian coordinate system can be directly obtained:
Then, the final element stiffness matrix in the global Cartesian coordinate system can be derived by substituting Equation (35) into Equation (10). Similarly, by assembling Equations (26) and (32), the final equivalent nodal load vector ðP e f lat Þ 24Â1 of the flat shell element in the local Cartesian coordinate system, which is caused by a distributed load, can also be obtained. Next, it will be transformed into the form in the global Cartesian coordinate system. In fact, when incorporated into commercial FEM software, the load can be directly applied to structures by using the existing method in FEM software for convenience.
However, if the element is not so "flat," some inaccuracies will be introduced. In order to take such influences brought by warping geometry into consideration, the rigid link correction strategy proposed by Taylor (1987) will be employed here. For a warping element, as shown in Figure 4 , the following equation is used to transform the DOFs of a real warping geometry 1234 into the projected flat plane 1′2′3′4′: 
in which, the superscript f means the flat plane, and r means the real warping geometry; h i denotes the warping offset of the node i. Therefore, the stiffness matrix K e local is rewritten as:
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Then, substitution of Equation (37) into Equation (10) yields the final element stiffness matrix in the global Cartesian coordinate system. Since the plate and the membrane parent parts of the shell element are both insensitive to mesh distortions, the performance of the new flat shell element HDF-SH4 in distorted meshes can be desirable.
Numerical tests
To assess the performance of the element HDF-SH4, several classical benchmarks are investigated. These benchmarks are operated through integrating the present element's scheme into the Abaqus/Standard UEL. For comparison, the results calculated by following existing shell elements are also provided for comparison:
S4
4-node shell element in the software Abaqus/Standard (Abaqus, 2004) . QC5D-SA 4-node flat shell element with the use of 5-point integration scheme (Groenwold and Stander, 1995) . MITC4 4-node general shell element based on the mixed interpolation of tensorial component method (Bathe and Dvorkin, 1986 ). MIST1 4-node flat shell element based on mixed interpolation with smoothed bending and membrane strain (Nguyen-Thanh et al., 2008) . QPH 4-node shell element with physical hourglass control (Belytschko and Leviathan, 1994) . XSHELL414-node assumed-strain quasi-conforming flat shell element (Kim et al., 2003) . QCS1 4-node assumed-displacement quasi-conforming flat shell element (Wang et al., 2012) . MISQ24 4-node smoothed displacement-based flat shell element (Nguyen- Van et al., 2009) . 
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A 4-node quadrilateral flat shell element CYSE 4-node one point quadrature general shell element with physical stabilization scheme (Cardoso et al., 2002) . Simo 4-node shell element based on the classical linear stress-resultant shell theory (Simo et al., 1989 ). Schwarze Reduced integration solid-shell element based on the EAS and ANS concept (Schwarze and Reese, 2009 ). SRI bilinear degenerated shell element with selective reduced integration (Hughes and Liu, 1981) . Q4DRL 4-node non-conforming flat shell element (Moreira and Rodrigues, 2011) . RQS20 4-node refined discrete degenerated shell element with 20 DOFs (Chen and Cheung, 2005) . QS20-R 4-node selective reduced integration degenerated shell element with 20 DOFs (Chen and Cheung, 2005) . Shin 3-node triangular flat shell element based on the assumed natural deviatoric strain (ANDES) formulation (Shin and Lee, 2014 (Katili, 1993) . ARS-Q12 4-node Mindlin-Reissner plate element based on the use of locking-free Timoshenko's beam (Soh et al., 2001 ). AC-MQ4 4-node Mindlin-Reissner plate element based on the quadrilateral area coordinate method (Cen et al., 2006) .
The patch tests for plate bending and plane membrane elements
Since the parent plate and membrane components can strictly pass all patch tests for plate and membrane elements, respectively, the resulting flat shell element HDF-SH4 can also pass these tests.
Cook's trapezoidal skew beam
As shown in Figure 5 , a clamped trapezoidal skew beam (Cook et al., 2001 ) is subjected to a uniformly distributed shear load along its free edge. The material parameters and the typical mesh are also given in Figure 5 . In this problem, the in-plane shear deformation is predominant. Thus, it is useful to validate the element's ability in handling membrane deformation situation. For comparison, the normalized results of the y-direction displacements at the point C, calculated from different elements, are plotted in Figure 6 . Since there is no analytical solution for this problem, an overkill solution 23.96 (Long and Xu, 1994 ) is used as the reference solution. It can be seen that, the present shell element HDF-SH4 exhibits much better performance than other models in this test.
Razzaque' s skew plate
The Razzaque 60°rhombic plate (Razzaque, 1973 ) is subjected to a uniformly distributed load f z , as shown in Figure 7 . This benchmark is utilized to assess the element's ability to model the plate bending problem in skew meshes. The normalized central transverse deflections, obtained by different elements, are given in Table III , and the corresponding convergence plots are shown in Figure 8 . This test shows that the new element exhibits the best performance among all models.
724
EC 33,3 Figure 9 depicts a pinched cylinder with end diaphragms subjected to a pair of opposite concentrated forces in the mid-span. Due to the symmetry, only one-eighth structure is analyzed. As shown in Figure 10 , two different meshes are considered: regular and distorted meshes. The dsitroted mesh is obtained by following the strategy proposed by Nguyen-Thanh et al. (2008) : the coordinates of interior nodes in the initial regular mesh are replaced by: in which α r is a random number between −1.0 and 1.0; and Δz re is the initial regular element size along the z-direction. This is a severe test for both inextensional bending and complex membrane states. The reference vertical defelction at the load point is 1.8248×10
Pinched cylinder
−5 (Belytschko and Leviathan, 1994) . Table IV gives the normalized results calculated by these two meshes. Furthermore, the results of other elements in the regular mesh are also listed in Table IV . Their convergence plots are shown in Figure 11 . It can be observed that the present shell element HDF-SH4 is rather good when comparing with other element, even in the distorted mesh, see Table IV and Figure 11. 3.5 Hemispherical shell 3.5.1 Hemispherical shell with 18°open hole. A hemispherical shell with 18°open hole at its top is subjected to concentrated loads, as shown in Figure 12 (a). Owing to the symmetry, only a quarter is analyzed. This problem, proposed by Macneal and Harder (1985) , is investigated to test the element's ability in modeling inextensional bending deformations and rigid body rotations about the normal to the shell surface. The membrane locking and geometry warping may result in deteriorations of element's Table V and Figure 13 present the radial deflections at the point A and the corresponding covergence plots, respectively. The results have been normalized by the reference solution 0.094 (Macneal and Harder, 1985) , although a slightly lower one 0.093 is proposed latter (Simo et al., 1989) . It can be seen that, as the discretization errors decrease, the results of element HDF-SH4 converge rapidly to the reference solution. 3.5.2 Full hemispherical shell. The discretization of a full hemispherical shell is shown in Figure 12(b) . This shell has the same geometry and material parameters with the previous one. In this problem, the elements present more pronounced warping configurations. Thus it can help to study the effect of the warping element geometry. The radial deflections along the load direction at point A are normalized by the reference solution 0.0924 (Parisch, 1991) , as listed in Table VI . And the convergence plots are given in Figure 14 . This test proves once again that the element HDF-SH4 can represent the inextensional bending modes and rigid body rotations well. Figure 15 illustrates that the Scordelis-Lo's cylindrical roof structure with end rigid diaphragms is subjected to a self-weight load. Taking advantage of its symmetry, only 
Scordelis-Lo roof
Mesh N × N 4 × 4 8 × 8 1
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A 4-node quadrilateral flat shell element one quarter of the roof is considered. As shown in Figure 16 , two different typical meshes are considered: the regular mesh and the distorted mesh. The distorted mesh is generated by the same strategy given in Equation (39). The vertical deflections at the point A are listed in Table VII , which have been normalized by the reference solution 0.3024. And the convergence plots are given in Figure 17 . The results show that the element HDF-SH4 performs better than most elements. Furthermore, it can provide satisfactory results even in distorted mesh.
Twisted beam
As shown in Figure 18 , the 90°pre-twisted beam is subjected to a load at its tip. Two load cases are considered: in-plane case and out-plane case. This problem was originally proposed by Macneal and Harder (1985) and then modified by Belytschko et al. (1989) through reducing the shell thickness. The latter case is considered in our work and is a more challenging test due to the warping geometry and membrane locking. The deflections along the load directions at the tip mid-point and their convergence plots are given in Table VIII and Figure 19 . Results of two different cases have been normalized by the reference deflections 5,256 and 1,294 (Cook, 1993) respectively. Even though the shell is extremely thin, the present element HDF-SH4 experiences no locking problems and exhibits an excellent performance. Figure 20 shows a hyperbolic paraboloid (hypa) shell subjected to a self-weight load (Gruttmann and Wagner, 2005) . The geometric parameters are: z ¼ xy/8L, L ¼ 20 and x, y⊆ [−10, 10] . At the shell's boundary, the deflections along z-direction are restrained. And the following boundary conditions are also imposed:
Hyperbolic paraboloid (hypa) shell
This problem is also used to assess the element performance in dealing with membrane locking under a warping geometry. Table IX and Figure 21 , respectively give the vertical deflections at the central point and the corresponding convergence plots. All the results have been normalized by an analytical Kirchhoff solution 0.046. Note that the present element HDF-SH4 is only a simple flat shell element, it performs reasonably well.
In-plane case Out-plane case 
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A 4-node quadrilateral flat shell element 3.9 Partly clamped hyperbolic paraboloid shell Figure 22 illustrates a partly clamped hyperbolic paraboloid shell. It is clamped at one side and subjected to a self-weight load. This problem is suggested as a challenging test for modeling pure bending dominated behavior (Bathe et al., 2000) . Due to the symmetry, only a half shell is modeled by using the mesh of N × N/2. Table X presents the vertical deflections at the tip point A. And the solution obtained by using the highorder element MITC16 (Bathe et al., 2000) in a refined mesh is given for comparison. The results show that the element HDF-SH4 has a satisfactory performance.
Raasch's hook
The geometry and typical mesh of the Raash's hook is illustrated in Figure 23 . The hook contains two different curved segments which are tangent at the intersection. Both segments have the same thickness and widths. One end of the hook is clamped and the other one is subjected to a unit shear load. This challenge problem is first reported by Ingo Raash of BMW Corp (Harder, 1991) . When he used the refined mesh to obtain better results, he found that the results diverge unexpectedly. The reason is mainly related to the incorrect transfer of twisting moments between adjacent flat elements which are not in the same plane (MacNeal et al., 1998) . Knight (1997) examined how the element's feathers affect the solutions, and reported that this divergence problem can be suppressed by omitting the shear deformations of shell elements. By following his suggestion, a modification scheme for overcoming this problem is introduced here.
In the original form of locking-free Timoshenko's beam, which is employed to determine the boundary displacement model of the plate bending part (Cen et al., 2014) , the shear strain γ ij of the edge ij is assumed as:
Here, a modification factor is introduced into Equation (41):
in which α m is suggested to vary from 0.25 to 3. Through this modification, the effect of the plate's shear deformation is reduced. Figure 24 presents the normalized deflections along the load direction at the free edge, in which the number of elements along the longitudinal direction is used as the y-axis. Here, the reference solution is set as 5.027 (Kemp et al., 1998) , although different solutions have been proposed. For comparison, 
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A 4-node quadrilateral flat shell element the results of some other elements (Knight, 1997) are also presented. It can be seen that, the models with modification can provide reasonably convergent results, while results of the original element diverge, as well as many other flat shell elements.
Conclusions
Recently, the present authors have developed the HDF method (Cen et al., 2014; Shang et al., 2015b) and the HSF method (Cen et al., 2011a, b) for constructing shape-free Mindlin-Reissner plate bending and plane membrane elements, respectively. In these two methods, the resultant/stress trial functions within the element are derived from the analytical solutions of the displacement function/Airy stress function, instead of being directly assumed. Thus, these trial functions can a priori satisfy all the related governing equations for plate bending and plane problems, respectively. The derived plate and membrane element have an excellent performance and are insensitive to various mesh distortions. In this work, by combination of the HDF method and HSF method, a 4-node quadrilateral flat shell element HDF-SH4 with six DOFs per node is proposed. In order to investigate the performance of the present shell element, several classical and severe benchmarks are employed. Numerical results show that the element HDF-SH4 is efficient for analysis of shell structures and inherits the advantages of its parent components, i.e. free of shear/membrane locking and less insensitive to mesh distortions. Appendix 1. The non-zero components of the matrix N P in Equation (13) For the edge ij i ¼ 1; 2; 3; 4 ! ; j ¼ 2; 3; 4; 1 ! , the following labels are defined:
Then the non-zero components of N 
